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Preface 



“Experiences in Mathematical Discovery” is a series of ten 
self-contained units, each of which is designed for use by students 
of nint h-grade general mathematics. These booklets are the culmi- 
nation of work undertaken as part of the General Mathematics 
Writing Project of the National Council of Teachers of Mathematics 
(NCTM). 

The titles in the series are as follows: 

Unit 1 : Formulas, Graphs, and Patterns 
Unit 2: Properties of Operations with Numbers 
Unit 3: Mathematical Sentences 
Unit 4: Geometry 

Unit 5 : Arrangements and Selections 
Unit 6: Mathematical Thinking 
Unit 7 : Rational Numbers 
Unit 8: Decimals, Ratios, Percent 
Unit 9: Positive and Negative Numbers 
Unit 10: Measurement 

This project , is experimental. Teachers may use as many units 
as suit their purposes. Authors are encouraged to develop similar 
approaches to, the topics treated here, and to other topics, since 
the aim of the NCTM in making these units available is to stimu- 




$ 



PREFACE 

late the development of special materials that can be effectively 
used with students of general mathematics. 

Preliminary versions of the units were produced by a writing 
team that met at the University of Oregon during the summer of 
1963. The units were subsequently tried out in ninth-grade general 
mathematics classes throughout the United States. 

Oscar F. Schaaf, of the University of Oregon, was director of 
the 1963 summer writing team that produced the preliminary 
materials. The work of planning the content of the various units 
was undertaken by Thomas J. Hill, Oklahoma City Public Schools, 
Oklahoma City, Oklahoma; Paul S. Jorgensen, Carleton College, 
Northfield, Minnesota; Kenneth P. Kidd, University of Florida, 
Gainesville, Florida; and Max Peters, George W. Wingate High 
School, Brooklyn, New York. 

The Advisory Committee for the General Mathematics Writing 
Project was composed of Emil J. Berger (chairman), Saint Paul 
Public Schools, Saint Paul, Minnesota; Irving Adler, North Benning- 
ton, Vermont; Stanley J. Bezuszka, S. J., Boston College, Chestnut 
Hill, Massachusetts; Eugene P. Smith, Wayne State University, 
Detroit, Michigan; and Max A. Sobel, Montclair State College, 
Upper Montclair, New Jersey. 

The following people participated in the writing of either the 
preliminary or the revised versions of the various units : 

Ray W. Cleveland, University of Alberta, Calgary, Alberta 
Donald H. Firl, Rochester Public Schools, Rochester, Minnesota 
Carroll E. Fogal, University of Florida, Gainesville, Florida 
Edward F. Go'ulieb, Madison High School, Portland, Oregon 
Kenneth P. Kidd, University of Florida, Gainesville, Florida 
D. Thomas King, Madison Public Schools, Madison, Wisconsin 
Edna K. Lassar, Polytechnic Institute of Brooklyn, Brooklyn, 
New York 

John F, LeBlanc, Racine Public Schools, Racine, Wisconsin 
Scott D. McFadden, Spencer Butte Junior High School, Eugene, 
Oregon 

James M. Moser, University of Colorado, Boulder, Colorado 
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Fractions 



Jane made some fudge for her friend Bill. She poured the fudge 
into a rectangular-shaped pan and cut it into twelve pieces of the 
same size. Bill ate five of the pieces. 




J ane wants to know what part of the pan of fudge Bill ate. It is 
easy to answer Jane’s question by using a fraction . In this case the 

fraction is j~ (read “five-twelfths”). But what is a fraction? 

,1a 

A fraction is an ordered pair of whole numbers. (Recall that a 
whole number is a number 3, and so on.) An ordered 

pair of niimbfii^T nonflista of a fir jit number and a second number. 
The order is important. To “write a fraction” you simply write the 
first number above a bar and the second number below the bar. 
The first number can be any whole number. The second number 
can be any whole number except zero. 
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In the beginning of this unit you will have experience in forming 
fractions and seeing how certain fractions are related. Then you 
will see how fractions can be used to indicate rational numbers . 
Although there are negative as well as positive rational numbers, 
negative numbers are not considered in this unit. 



Class Discussion 




1. In the fraction y-, the whole number 5 is called the numerator , 

and the whole number 12 is called the denominator . 

a. Does the denominator tell you into how many pieces of 
the same size Jane cut the pan of fudge? 

b. What does the numerator tell you? 

2 . Suppose Jane had cut the pan of fudge into 10 pieces of the 
same size and Bill had eaten 3 of them. What fraction would 
you use to describe the part of the fudge that Bill ate? 

a. What is the denominator of this fraction? 

b. What is the numerator? 

c. What does the denominator tell you? 

d. What does the numerator tell you? 

3. Diagrams B } and C show three different ways in which Jane 
can cut up the same pan of fudge. Suppose that the colored 
portion in each diagram represents the amount of fudge that 
Bill can eat in one evening. For each diagram give a fraction 
that describes the part of the fudge that Bill can eat in one 
evening. 




4 . Do the three fractions you gave in exercise 3 have different 
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denominators? Do they have different numerators? Are the 
fractions all different? 

5. Do you think Bill would have eaten as much fudge if he had 

3 6 
eaten j of the pan of fudge as he would if he had eaten - of it? 

4 o 

9 3 

Do you think — of the pan of fudge is the same as - of it? 

6 . In your answer to exercise 3 you should have given three different 
fractions to describe the part of the fudge that Bill can eat 
in one evening. But, since the same portion of each diagram is 
shaded, the three fractions you gave should all represent the 
same amount of fudge. Fractions like these are equivalent fractions. 

3 

Give two fractions that are equivalent to -. 




Suppose you are to think about a certain number of pieces in a 
pan of fudge that has been cut up into pieces of the same size. 
You can use a fraction to describe the part of the fudge about which 
you are thinking. To form the fraction you need to use two whole 
numbers. The denominator of the fraction will be the number of 
pieces of the same size into which the pan of fudge has been divided. 
The numerator of the fraction will be the number of pieces about 
which you are thinking. 

By cutting up a pan of fudge in various ways, you can show that 
more than one fraction can be used to refer to the same amount of 
fudge. Different fractions that represent the same amount are 
equivalent. 




1. Pictured below are four square regions that have the same 
size and shape . Two regions that have the same size and shape 
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are said to be congruent . Give a fraction that tells what part 
of each region is shown in color. 




2 . Pictured below are six congruent circular regions. For each 
region give a fraction that indicates the part of the region that 
is shown in color. 




3. Look again at the diagrams in exercise 2. Notice that each 
circular region is divided into subregions of the same size and 
shape. This means that the subregions in each circular region 
are congruent. In which circular regions is the same amount 
shown in color? 

4 . Use the diagrams in exercise 2 and your answers to exercise 3 
to help you decide which pairs of fractions listed below are 
equivalent. 



2 


3 


2 


4 


1 


6 


e * 12 ’ 


6 


*' 16 ’ 


4 


1 


* l 


3 




2 


4 


12 


6 




| 
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5. In which of the regions pictured below is the same amount 
shown in color? (Be careful!) 





Class Discussion 




In each fraction considered thus far the numerator was less than 
the denominator. In the exercises that follow you will see that the 
numerator of a fraction can also be equal to or greater than the 
denominator. 

1. Diagrams A , B , and C show three rectangular regions. 




a. How many congruent subregions are there in diagram A? 

b. How many congruent subregions are there in diagram B? 

c. How many congruent subregions are there in diagram C? 

You can think of a region that is NOT divided by lines as having 

ONE subregion that is congruent with itself. 

2. For each diagram write a fraction that represents the part of 
the region that is shown in color. The denominator should be 
the number of congruent subregions in the given region. The 
numerator should be the number of subregions that are shown 
in color. 
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a. For which diagrams is the numerator of the fraction you 
obtained the same as the denominator? 

b. For which diagrams did you obtain a fraction with a denomi- 
nator of 1? 

c. For which diagrams did you obtain a fraction with a nu- 
merator of 0? 

3. Why would it not make sense to have 0 as the denominator of 
a fraction? What would this mean in terms of subregions of 
a region? 

4 . Each square region pictured below is an exact copy of each of 
the others. The three dots at the right tell you that the set of 
copies can be continued. 





In a set of copies like this we think of each copy as representing 

one whole region . 

a. How many congruent subregions are there in one whole 
region? 

b. WTiat is the total number of colored subregions in all the 
whole regions that are pictured? 

e. Write a fraction in which the denominator is the number of 
congruent subregions in one whole region and the numerator 
is the total number of shaded subregions in all the whole 
regions. 

d. In the fraction you just gave is the numerator greater than 
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the denominator? Does this fraction represent more than 
one whole region? 

5. Each circular region pictured below is an exact copy of each 
of the others. The three dots at the right tell you that the set 
of copies can be continued. As in exercise 4, think of each cjpy 
as representing one whole region. 

© 

a. How many congruent subregions are there in one whole 
region? 

b. What is the total number of colored subregions in all the 
whole regions that are pictured? 

c. Write a fraction to indicate the amount that is shown in 
color. 

d. In the fraction you just wrote, which is greater, the numera- 
tor or the denominator? 

6 . Each triangular region pictured below is an exact copy of each 
of the others. The three dots at the right tell you that the set of 
copies can be continued. Think of each copy as representing 
one whole region. 

▲▲▲ 

a. How many congruent subregions are there in -one whole 
region? 

b. What is the total number of shaded subregions in all the 
whole regions that are pictured? 

e. What fraction indicates the amount that is shown in color? 
d. In the fraction you just gave, which is greater, the numerator 

or the denominator? 
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Any pair of whole numbers may be used to form a fraction, except 
that the denominator cannot be 0. 

If you list the fractions in the answers to the exercises in Class 
Discussion lb, your list should include the following: 

21040793 
3’ 1’ 1- 3’ 2’ 5’ 4’ 1* 

By looking at the list you can see that the numerator of a fraction 
may be greater than, less than, or equal to the denominator. 




1. For each exercise write a fraction that can be used to describe 
the amount that is shown in color. 




2 . Make a diagram for each fraction. Use a square to represent 
one whole region. 



3 0 3 



"•5 


e " 5 


e -i 


, 5 


J 9 


, o 


b * 5 


d> 5 


*' 1 


Which 


fraction below refers to 


an amount that is smaller than 
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one whole region? More than one whole region? The same as one 
whole region? 

4 .7 9 



a ’ 7 



-I 



e * 7 



4 . Complete each exercise so that the resulting sentence is true. 



whole regions. 



a. ^ of a region is the same amount as 
5 

b. | of a region is the same amount as - 

o 

c. f of a region is the same amount as _ 

Lt 

5. For each exercise, decide whether or not the two fractions are 
equivalent. 



. whole regions. 
. whole regions. 



10 4 

a ‘ 5 ’ 2 



4 9 

2 ’ 3 



10 9 

*' 5 ’ 3 



9 



' 3 ’ 1 

Class Discussion 



Jane wondered if fractions could be used in situations that 
involve grouping. She had six pencils, and Bill borrowed two of 
them. How can Jane use a fraction to tell what part of the pencils 
Bill borrowed? 

1. Think of the six pencils Jane tad as a group . The group of six 
pencils is shown in diagram A . Diagram B shows Jane's group 
of pencils divided into subgroups . Does each subgroup contain 
the same number of pencils? How many subgroups are there? 
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2. In the diagram below, the pencils that Bill borrowed are 
shown in color. How many subgroups did he borrow? 




the denominator of this fraction represent? What does the 
numerator represent? 



4 . Jane can use a different fraction to tell what part of the group 
of pencils Bill borrowed. The diagram below shows another 
way to divide Jane’s group of pencils into subgroups. How 
many pencils are there in each subgroup this time? How many 
subgroups are there? 




5 . How many subgroups would you shade in the diagram above 
to show the pencils Bill borrowed? 

o 

6 . Explain why the fraction - can be used to describe the part 

of Jane’s group of pencils that Bill borrowed. Since the fractions 
1 2 

- and - can both be used to describe the same part of Jane’s 
group of pencils, the two fractions are equivalent. 
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7 . Think of the ten tanks 
shown in diagram A as a 
group. Imagine that the 
four tanks shown in color 
are filled with water. 

a. Diagram B shows the 
group of tanks divided 
into subgroups each 
containing the same 
number of tanks. How 
many subgroups are 
there? 

b. How many subgroups of tanks are filled with water? 

c. Use your answers to exercises 7a and 7b to form a fraction 
that can be used to tell what part of the group of tanks is 
filled with water. 

d. Make a diagram to show that the fraction — can also be 

used to tell what part of the group of tanks is filled with 
water. 

2 4 

e. How are the fractions - and ~ related? 

5 iu 

8 . The picture below shows a group of nine books divided into 
subgroups of three books each. Some of the books have blue 
covers and the rest have white covers. 



BBS 

BBS 



BIBIB 

BiBlB 



111 









a. Explain why you can say that | of the books have blue 
covers. 

o 

b. Can you also say that ^ of the books have blue covers? 
Explain your answer. 
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9 . Pictured at the right are two cartons 
of pop bottles. The bottles shown in 
color represent full bottles. Think of 
each carton of six bottles as one 
whole group. 

o. Into how many subgroups is each 
whole group divided? 

b. Of all the subgroups that are 
pictured how many are shown in 
color? 

c. Why can you say that the full 

Q 

bottles make up - of a carton? 

d. Can you also say that the fall 
bottles make up | of a carton? 
Explain your answer. 







You have seen that a group of objects can be regarded as a 
“whole,” just as a region can be considered as a “whole.” Further- 
more, a group of objects can be divided into subgroups that have 
the same number of objects, just as a region can be divided into 
congruent subregions. Therefore, a fraction can be used to describe 
a part of a group in the same way that a fraction can be used to 
describe a part of a region. 




1. For each diagram, use a fraction to tell what part of a whole 
group is shown in color. The dotted lines tell you what to con- 
sider as a subgroup in each case. 




\ 



i 










AAA 

AAA 

AAA 




2. The three diagrams below show three different ways of dividing 
q, group of objects into subgroups. For each diagram give a 
fraction that indicates the part of the group that is shown in 
color. 






ripjEP 
□pin 

□pp 

□pin 

; i- _ 



■□pa 

,jppp , 
TpOp 

■ppp 

j i — i — - 
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3. 



Make diagrams with different subgroups to show that the objects 
shown in color are 



a. | of the group. 

o 

b. - of the group. 

c. *~r of the group. 




4. Choose subgroups in four different ways to find four equivalent 
fractions. Each fraction is to indicate the part of the group that 
is shown in color. 



|'lAAA! AAAA 



\ 



5. What part of the group is shown in color? 



O • • O \ 

o o o o 
\ • • o • o J 



6 . Bill had the task of painting a staircase. After painting the steps 
shown in blue, he decided to figure out what part of the staircase 
he had painted and what part remained to be painted. He counted 
to find the number of steps in the whole staircase and also the 
number he had painted. 
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a. What fraction can Bill use to describe the part of the staircase 
he has painted? 



b. What part of the staircase does he have left to paint? 
e. If Bill thinks of the staircase as made up of subgroups, each 
consisting of five steps, what fraction can he use to describe 
the part he has painted? The part he has left to paint? Is 
either of these fractions equivalent to the fraction you gave 
in exercise 6a? 

7. For each fraction make a diagram that can be used to explain 
the meaning of the fraction. Use 12 circles as a whole group. 



7 





f. 



6 

6 

0 

3 




Lists of Equivalent Fractions 



Jane has seen that more than one fraction can be used to describe 
the same part of a pan of fudge, the same part of a region, and the 
same part of a group. She knows that fractions that represent the 
same part of something are equivalent. She would like to know 
how many different fractions are equivalent to a given fraction. 
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Class Discussion 




1. The rectangular region shown in diagram A is divided into 
three subregions, one of which is shaded. What fraction repre- 
sents the part of the region that is shown in color? 




2. The rectangular region in diagram A is shown again in diagrams 
B y Cy and D. Is the same amount shaded in each diagram? 

3. Notice that there are twice as many subregions in diagram B 
as in diagram A. This means that there are 3 X 2 subregions in 

1X2 

diagram B, and that 1X2 subregions are shaded. Thus, - Q ~ 2 
indicates the part of the region that is shaded in diagram B. 

a. Explain why — 3 -■ indicates the part of the region that is 

3X3 

shaded in diagram C. 

1X4 

b. Why does — 3~ indicate the part of the region that is shaded 

3X4 

in diagram D? 

1X22 2 

4 . A simpler name for * ■ -* is Tell how - is obtained from 

two 

_ 3" Give simpler names for each of the following: 

3X2 



5. Explain why each fraction listed in exercise 4 is equivalent to 
each of the others. 



1 X 1 
"'3X1 



1 X 2 
'•3X2 



1 X 3 
e * 3 X 3 




6 , Make diagrams like those in exercise 1 to show that | is 
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1X5 1X5 

equivalent to — . Write a simpler name for 

o X o o X o 

2 3 

7 . In exercises 1 through 6 you saw that each of the fractions 

b 9 

45, i 

and is equivalent to -. You also saw how each of the 

fractions and can be obtained from h 

b 9 l^ lo o 

«• Is or y|, equivalent to |? 

b. Is g * or equivalent to |? 

e - Is rkm or m equivalent t0 1 ? 

8 . How many fractions equivalent to | do you think there are? 

O 

Explain how you would obtain them. 

9 . Use the method suggested in the exercises above to get three 
fractions that are equivalent to Make three diagrams that 

A 

show that the three fractions all indicate the same amount. 
Each diagram should have the same amount shaded as the 
amount shown in color below. 



10. a. Can you obtain \ from 

<5 Z X u 

b. Can you get a fraction that is equivalent to | if you multiply 

both the numerator and denominator by zero? 
e. Can you ever get a fraction that is equivalent to a given 
fraction if you multiply both the numerator and the de- 
nominator of the given fraction by zero? 
d. Do you obtain a fraction if you multiply both the numerator 
and denominator of a given fraction by zero? 

1 1 . The diagrams below illustrate another way of finding fractions 
that are equivalent to a given fraction. 
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a. Look at diagram A. Explain why ^ indicates the part of 
the region that is shaded. 




12 I 6 

b. Compare diagrams A and B . Explain why ^ indicates 

the part of the region that is shaded in diagram B. 

12 4- 2 

e. Compare diagrams A and C. Explain why ^ indicates 
the part of the region that is shaded in diagram C. 
d. Compare diagrams A and D . Does ^ ~ ^ indicate the part of 
the region that is shaded in diagram D? 

12. How do you know that the fractions listed below are equivalent? 
Give simpler names for the fractions in exercises b, c, and d. 

12 . 12 4- 6 12-3-2 12-4-3 

18 18-5-6 c - 18 4- 2 18 4- 3 

4 4 9 

13. Do you think that - is equivalent to — ~? 

14 . a. Is equivalent to 

b. By what number would you divide the numerator and 

18 9 

denominator of — to get 
y j. 

18 

c. Divide the numerator and denominator of — by another 
number to get a second equivalent fraction. 
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You can find indefinitely many fractions that are equivalent to a 
given fraction. One way is to multiply the numerator and denomi- 
nator of the given fraction by the same whole number, not zero. 

Suppose, for example, that you start with the fraction If you 

multiply both the numerator and denominator in turn by 1, 2, 3, 
4, • • • , you get the list of fractions below. 



10 X 1 




10 


12X1' 


or 


12 


10 X 2 




20 


12 X 2 ’ 


or 


24 


10 X 3 




30 


12 X 3 ’ 


or 


36 


10 X 4 




40 


12 X 4 ’ 


or 


48 



Each fraction in the list is equivalent to — . Notice that — is 

12 12 

equivalent to itself. 

You can also obtain a fraction that is equivalent to a given 
fraction by dividing both the numerator and denominator of the 
given fraction by the same whole number, not zero. For example, 

10 ^ 2 5 . . , . 10 

g 9 or 0’ is equivalent to 

Unfortunately, you cannot divide the numerator and denominator 
of a given fraction by any whole number that comes into your mind. 
For example, you cannot divide both the numerator and denomi- 
nator of ^ by 3. The reason is that dividing 10 by 3 does not give 
you a whole number. 
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Exercises — 2a 

1. Pictured at the right is a square region 
that is divided into three congruent sub- 
regions. Two of the subregions are shown 
in color. Draw two more square regions, 
each congruent to the given region. Use 

2 4 

the three square regions to show that 

3 b 

o 

and — are equivalent fractions. 

12 

2. Jane invited 6 people to a party. She made a cake and sliced it 

into 6 pieces of the same size so that each person might have ^ 

of the cake. Then Jane decided that each person should have 2 
small pieces rather than one large piece. Draw a picture to show 
how the cake looked after Jane made the second set of cuts. 
Draw a picture to show how the cake would look if Jane sliced 
it so that each person would get 4 small pieces of the same size. 

Give two fractions different from \ that can be used to represent 

each person’s share of the cake. 




3. In the sentences below, you are to replace a, b f c, d, e, /, g y and h 
by whole numbers. For each sentence, choose whole numbers 
that make the sentence true. 



a. 



b. 



c. 



d. 



9 9 - a . 

— is equivalent to - 

12 H 12 -r 

2 4X2 

- is equivalent to ■ , 

3 4X3 

6 . . , , , e X 6 

- is equivalent to - , 

8 / X 8 

— is equivalent to ~~ 

10 10 + 



— , which is -. 
3’ b 

which is -. 
a 

wliich is — . 
32 

which is -. 



4 , In the sentences below, you are to replace o, b , c, d, e, /, g y and h 
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by whole numbers. For each sentence, choose whole numbers 
that make the sentence true. 



a. - is equivalent to 

2 8 
t ff o 

b. ~ is equivalent to 

12 2 

c. — is equivalent to -. 

18 c 

Q J 

d. | is equivalent to — . 

o ***■ 



e. ~ is equivalent to — . 

4 e 

16 f 

f. — is equivalent to -. 

24 H 3 

g. — is equivalent to 

7 49 

i o i 

h. is equivalent to y. 



5, Find five fractions that are equivalent to (Hint : Multiply both 

the numerator and the denominator of | in turn by each of 

five different whole numbers, not zero.) Using this method, is it 
possible to get more than five different fractions that are equiva- 



lent to -? 
7 



18 



6 , Obtain five different fractions that are equivalent to — . (Hint: 

36 

18 

Divide both the numerator and the denominator of — in turn 

36 

by each of five different whole numbers, not zero.) Using this 
method, can you get more than five fractions that are equiva- 

lent to — ? Keep in mind that both the numerator and denomi- 
36 

nator of a fraction are whole numbers. 



Class Discussion 




There are only certain numbers by which you can divide the 
numerator and denominator of a given fraction to get an equivalent 
fraction. This fact will become clearer as you learn about the 
factors of a whole number. 

Since 2 X 4 = 8, we say that 2 and 4 are factors of 8. Also, since 
1 X 8 = 8, we say that 1 and 8 are factors of 8. 
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As another example, the numbers 1, 2, 3, 5, 6, 10, 15, and 30 are 
all factors of 30. Note that 2 X 15 = 30; 3 X 10 - 30; 5 X 6 = 30; 
and 1 X 30 = 30. See the diagram below. 




1. For each sentence, name the factors of 12 that are indicated 
by the given sentence. 

a. 2 X 6 - 12. b. 1 X 12 - 12. c. 3 X 4 = 12. 

2 . To decide whether or not 5 is a factor of 12, you should ask 
yourself this question: Is there a whole number n for which 
it is true that n X 5 = 12? 

a. Is 5 a factor of 12? 

b. Is 7 a factor of 12? 

c. Is 11 a factor of 12? 

3. List all the factors of 12. 

4 . Write 20 as a product of two whole numbers in as many different 
ways as you can. Do not list products such as 4 X 5 and 5X4 
separately. 

5. List all the factors of 20 in order from the least to the greatest. 

6. a. Is 3 a factor of 9? 

b. Is 5 a factor of 55? 

c. Is 16 a factor of 16? 

d. Is 1 a factor of 7? 

7. a. Is 1 a factor of every whole number? 

b. Is every whole number other than aero a factor of itself? 

c. Is every whole number a factor of zero? 

8. a. List all the factors of 16. 
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b. List all the factors of 4. 

c. List all the numbers that appear in both of the lists that 
you made. These numbers are the common factors of 16 and 4. 

d. A number that is a factor of each of two numbers is a common 
factor of the two numbers. Find all the common factors of 
6 and 9. 

e. Is 1 a common factor of every pair of whole numbers? 

9 . Use the idea of common factors to find a fraction that is 
equivalent to a given fraction. 

a. Is 2 a common factor of 4 and 16? 

b. Is the fraction 4 ~ 2 equivalent to ^~? 

16 -r 2 lo 



TO. a. Is 4 a common factor of 4 and 16? 

b. What fraction do you get when you divide both the numera- 
tor and denominator of by 4? Is the fraction that you get 

16 

equivalent to ^? 

11. Is there a whole number, other than 2, 4, or 1, by which you 
can divide both 4 and 16 to obtain a fraction that is equivalent 



12 . 




a. List all whole numbers different from 1 that are common 
factors of 10 and 20. 

b. Use these common factors to get fractions that are equivalent 




Suppose a, b , and n are whole numbers ( b not zero, and n not 
zero). Then if n is a common factor of a and b , the fraction | 

is equivalent to 



*29 
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1. List all the factors of each number in order from the least to the 
greatest. 

a. 24 b. 54 e. 10 d. 27 

2 . List all the common factors of each pair of whole numbers. 

a. 24 and 27 e. 54 and 10 

b. 24 and 54 d. 27 and 54 

3. For each fraction, obtain as many equivalent fractions as you 
can by dividing both the numerator and denominator by a 
common factor different from 1. 



24 


54 


°* 27 


*• 10 




j 27 


b« r a 

54 


d ‘ 54 



4 . In the list of equivalent fractions f, tL 7?» • • • * s there one 

u o y 1 a 

fraction that you would consider the simplest fraction in the list? 



Class Discussion 



1. a. What are all the common factors of the numerator and the 
denominator of 

15 

b. What are all the common factors of the numerator and 
denominator of — ? 

ldi 

c. What are all the common factors of the numerator and 

denominator of Of -? 

9 6 

d. What is the only number that is a common factor of the 

2 

numerator and denominator of -? 

o 
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2 

We say that - is the simplest fraction in the list of equivalent 
3 



fractions 

3’ 6’ 9’ 



. . We say this because 2 and 3 have no 
common factor different from 1. 



2 . Consider the three equivalent fractions and 

a. What are the common factors of 1 and 4? 

b. What are the common factors of 5 and 20? 

c. What are the common factors of 10 and 40? 

d. Which of the fractions or ~ is the simplest fraction? 

4 20 40 



3. For each fraction given below find the simplest fraction that is 
equivalent to the given fraction. Start by dividing the numerator 
and the denominator of the given fraction by a common factor. 
If the numerator and denominator of the new fraction have a 
common factor different from 1, divide the numerator and de- 
nominator of the new fraction by this common factor. Continue 
this process until you get a fraction in which the numerator and 
denominator have only the number 1 as a common factor. 



6 20_ 12 
a * 8 b * 200 *' 24 

30 50 , 25 

d * 100 •* 25 10 

12 

4 . Consider the fraction — • 

18 

a. What are the common factors of 12 and 18? 

b. If you divide both the numerator and the denominator of 

— by 2, what fraction do you get? Is this fraction equivalent 
18 

j. 12 q 

* 12 

e. If you divide both the numerator and the denominator of — 

18 

by 3, what fraction do you get? Is this fraction equivalent 

to ii ? 
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d. If you divide both the numerator and the denominator of 
1 2 

— by 6, what fraction do you get? Is this fraction equivalent 



e. Which of the fractions you obtained in exercises b, c, and d is 
the simplest fraction? By what common factor did you divide 
12 and 18 to obtain this fraction? 



8 

5. Now consider the fraction — . 

16 

a. WTiat are the common factors of 8 and 10? 

b. Divide both the numerator and the denominator of — by 

each of the common factors of 8 and 16. How many fractions 

do you get? Is each fraction that you get equivalent to — ? 

16 

c. Which fraction in the list of equivalent fractions that you 
obtained is the simplest fraction? By what common factor 
did you divide both 8 and 16 to obtain this fraction? 

6 . The common factors of 9 and 27 are 1, 3, and 9. By which of 
these factors should you divide both 9 and 27 to find the simplest 

9 

fraction that is equivalent to — ? 




In a list of equivalent fractions, 7 is the simplest fraction in the 

b 

list if a and b have exactly one common factor and this factor is 1. 
To get the simplest fraction that is equivalent to a given fraction, 
divide both numerator and denominator by common factors until 
you obtain a fraction in which the numerator and denominator 
have no common factor other than 1. Given any fraction, if you 
divide both the numerator and denominator by their greatest common 
factor you get the simplest fraction in one step. 
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1. Listed in each exercise are three equivalent fractions. In each 
exercise decide which fraction is the simplest. 



10 


. 25 


5 


7 


21 


28 


'* 12 ’ 


30 ’ 


6 


e * 1 ’ 


3 ’ 


4 


8 


4 


16 


d ? 

«. g > 


5 


1 


'• 14 ’ 


7 ’ 


28 


5 ’ 


1 



2 . For each fraction find the simplest equivalent fraction. 




21 

c. 7 



d 



13 
* 19 



3. For each fraction, find the greatest common factor of the nu- 
merator and denominator. Then find the simplest fraction that 
is equivalent to the given fraction. 



24 .12 18 , 400 

a * 8 16 45 400 

4 . How do you know that any fraction in which the numerator and 
denominator are even numbers is not a simplest fraction? 



5. For each fraction, find the simplest fraction that is equivalent 
to the given fraction. Use any method you like. 



96 .48 96 256 

24 b * 72 C * 32 64 



19 fi * 

6 . Show that — is equivalent to — by finding the simplest fraction 
48 24 



12 

that is equivalent to — and the simplest 
fraction that is equivalent to 

24 

7. What is the simplest fraction that indi- 
cates the part of the tank that is filled if 
water reaches the sixth mark; the second 
mark; the third mark; the eighth mark? 
If the tank is empty? 
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The Number Line 



Pictured below is a line that is dividea into congruent segments. 



Suppose we start at any division point that we please and assign 
the whole numbers in order (0, 1, 2, 3, 4, 5, . . .) to successive division 
points with the greater of two numbers always on the right. Such a 
matching of numbers with points in a line is called a number line . 
The diagram below illustrates the idea. 

0 1 2 3 4 5 6 



o 

ERIC 



As you can see, the whole numbers correspond to only some of 
the points in a line. Knowing about fractions enables you to assign 
numbers to many more points in a line. 

Recall that a fraction is an ordered pair of whole numbers (second 
number not zero). This means that a fraction is not a number! 
But fractions can be used to indicate numbers, and such numbers 
can be assigned to points in o line. A number that can be indicated 
by a fraction is called a rational number . 

Suppose you wish to assign a number to tiie point that is midway 
between point 0 and point 1. This number would certainly not be a 
whole number. It would be a rational number. You can use the 

fraction - to indicate this number. You can also use each of the 
2 

fractions ... to indicate this number. Do you think 

4 6 8 10 

every fraction in a list of equivalent fractions can be used to indicate 
the same rational number? As you proceed in this unit you will find 
out that the answer to the last question is yes. In the discussion 
that follows you will see how to assign rational numbers to points 
in a line. 
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Ciass Discussion 




1 . Three whole regions are shown in each diagram below. For each 
diagram, give a fraction that can be used to describe the amount 
that is shown in color. 




2 . Again, three whole regions are shown in each diagram, but this 
time the regions are placed end to end. For each diagram, give 
a fraction that can be used to describe the amount that is 
shown in color. 



B 



3. Three whole segments are shown in each diagram below. For 
each diagram give a fraction that can be used to describe the 
amount that is shown in color. 

A • • • • • • • 

B • • • • 1 • • • * • 

C • — * * 

D* • • • • 

4 . Three whole segments placed end to end are shown in each 
diagram. For each diagram, give a fraction for the amount 
that is shown in color. 



A 

B 

C 

D 







3§y r 
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5. Think of a line as made up of whole segments that are placed 
end to end. You already know that you can assign whole 
numbers to the endpoints of these segments. It also makes 
sense to assign rational numbers to these endpoints. 

a. Explain why the fraction i can be used to describe the 
amount shown in color in diagram E. 

0 12 3 

E * 

1 

T 



b. The fraction y can also be used to indicate the rational 

number to be assigned to the right-hand endpoint of the 
segment shown in color. Is this the same point to which the 
whole number 1 is assigned? 

9 

c. Explain why the fraction y can be used to describe the 
amount shown in color in diagram F. 



F 



o 



i 



2 3 



2 , 

1 



d. The fraction y can also be used to indicate the rational 



number to be assigned to the right-hand endpoint of the 
second whole segment. Is this the same point to which the 
whole number 2 is assigned? 



o 

e. Do you think the fraction y can be used to indicate the 

rational number to be assigned to the point matched with 
the whole number 3? 



6 . In mathematics we agree to assign exactly one number to a 
point in a number line. This means that some rational numbers 
are whole numbers . Since the rational number indicated by the 

fraction y is assigned to the same point as the whole number 1, 

we can write 



«6 
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2 3 

For the same reason, we can write - = 2; y = 3; and so on. 

Do you think that every whole number is a rational number? 

7 . Write a fraction that indicates the rational number that should 
be assigned to the point matched with 0; with 4; with 50. 

0 12 3 4 



8 . The whole segments in a number line are usually called unit 
segments. Suppose each unit segment is divided into two 
congruent subsegments, as shown below. 




a. Why can the fraction ^ be used to indicate the rational 
number assigned to point 4? 

b. Why can the fraction i be used to indicate the rational 
number assigned to point B? 

e. Why can the fraction - be used to indicate the rational 

2 

number assigned to point C? 

d. What whole number is equal to the rational number indicated 
by the fraction -? 

e. What whole number is equal to the rational number indicated 

2 

by the fraction -? 

f. What fraction should be used to indicate the rational number 
to be assigned to point D ; point E ; point F ; point G? 

9 . In the number line below, each unit segment is divided into 
three congruent subsegments. 
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H J 
O 

S i 



K f 



M N P Q 
2 

£ 

3 



R S 
3 



a. Why can the fraction ~ be used to indicate the rational 

o 

number assigned to point HI 



b. Explain why the fractions % and | can be used to 

3 3 3 3 

indicate the rational numbers assigned to points /, L, P, 
and S. 

c. Write fractions to indicate the rational numbers that can 
be assigned to points K , M, N, Q, R, and T . 



10. In the number line below, each unit segment is divided into 
how many congruent subsegments? What fractions should be 
used to indicate the rational numbers to be assigned to points 
D } E f F } G, H } /, J, K } L, and Ml 



ABCDEFCH 
O 1 



% k \ 



/ 

2 



J 



K L M 
^ , 1 



II. You have used more than one fraction to indicate the rational 
number that corresponds to a particular point. For example, 



you have used the fractions and - to indicate the rational 

* 1 2 3 4 



number that corresponds to the same point as 1. Are all these 
fractions equivalent? How do you know? 



12. Give four fractions that can be used to indicate the rational 
number that corresponds to the same point as 2. Are the four 
fractions you gave all equivalent? 

13. The diagram below shows all the rational numbers that have 
been assigned to points in a line thus far. You can see that every 
time you subdivide the unit segment into smaller subsegments 
you can locate more rational numbers. Also, each new sub- 
division suggests more equivalent fractions for seme of the 
rational numbers already located. 
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Halves 

Thirds 

Fourths 



H 



* if + U ft* 



4 - 

! 

+- 

i 

4 - 

l 

1 

2 

-i- 



Z 

4 



z 

8 

3 

3 



z 

4 



A 

2 

6 

"3 

Z 

4 



Find the point to which the rational number indicated by the 

fraction ~ has been assigned. What other fractions have you 

used to indicate this rational number? What subdivision of 
the unit segment is suggested by the last fraction you just 
gave? 

14 . Find the point that corresponds to the rational number indi- 
cated by the fraction K What subdivision of the unit segment is 

o 

suggested by the fraction -? How many fractions are there 

o 

that indicate the same rational number as the fraction -? 




Rational numbers may be described as numbers that can be 
indicated by fractions. Rational numbers can be assigned to points 
in a line. Think of a line as made up of connected unit segments. 
By dividing each unit segment into two congruent subsegments 
you can locate points to which you can assign rational numbers 
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indicated by the fractions §, ... . By dividing each unit 

segment into four congruent subsegments, you can locate points 
to which you can assign rational numbers indicated by the fractions 
0 1 2 3 4 5 
4’ 4’ 4’ 4’ 4’ 4’ ' ‘ ’ 

There are indefinitely many fractions that indicate the same 
rational number. For example, every fraction in the list below 
indicates the same rational number. 



1 2 3 4 J5_ 100 

2 ’ 4 ’ 6 ’ 8 ’ 10 1 ' " ’ 200 ’ " ' 



The list is said to define the rational number indicated by the 



fraction |, or |, or 



Only one fraction in the list is needed to 



indicate the rational number. Also, only one fraction in the list is 
needed to label the point in a line to which the rational number is 
assigned. All fractions that indicate the same rational number are 
equivalent. 

Some rational numbers are whole numbers. For example, the 
rational number defined by the list of fractions below is the same 
as the whole number 3. 



• 3 

So we can write - 



3 6 9 12 

1 ’ 2 ’ 3 ’ 4 ’ 

3 ; - = 3 ; and so on. 
’ 2 ’ 
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1. A rational number is given beside each number line. With what 
point can the given rational number be matched? 



b. 



6 

F 



7 

£ 



A 

O 



BCDEFGHI J K 
\ ^ 



A 

O 



C D E F G H / 

12 3 4 



A 

O 



c 

I 



D 



E 

2 



G 

3 



d. 20 



A 

o 



B 

I 



C 

2 



D 

3 



E 

4 



F 

5 



G 

6 



£ 

i 



£ 

4 



O 



D 

I 



G 

2 



O 



I 



c 

2 



D 

3 



E 

4 



0 



BCDEFGHI J K 
! 2 



2 . Make a number line and locate the following points: 



4 2 4 

a. Point- b. Point - c. Point ^ 



d. Point 

4 



3. For each point labeled by a letter, name the rational number. 
In each case give the simplest fraction for the number. 

E F G 



A 

O 



D 



H 

2 



4 . Which of the points listed below can be matched with whole 
numbers? 



a. Point 



2 



b. Point j 



2 

c. Point y 

d. Point — 



^ + 14 

e. Point -g- 

f . Point 7 

4 



n . .27 

g. Point y 

h. Point -y 
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Comparing Rational Numbers 



~\ 1 r~ 

I 2 3 

fc re re 



— r~ 

4 

\Z 



5 1 1 6 

re jjre 



7 

re 



8 

re 



9 

re 



I ft. 



Engineer's Folding Ruler 

Pictured at the top is an engineer's folding ruler marked off in 
tenths of a foot. Pictured below is an ordinary ruler marked off in 

inches. Can you tell by looking at the two pictures if ^ of a foot is 

the same as 7 inches? Think of 7 inches as — of a foot. Is the rational 

12 

0 y 

number equal to the rational number — ? 

10 12 



“i 1 1 1 1 1 1 1 1 1 1 r 

1 2 3 4 5 6 7 8 9 10 II 12 



Foot Ruler Marked in Inches 



Class Discussion 



O 

ERIC 



I . Two rational numbers are equal if the fractions for the numbers 
are equivalent. 

0 Q0 

a. Is the fraction — equivalent to the fraction — ? 

10 60 

7 n fr 

b. Is the fraction — equivalent to the fraction — ? 

12 60 



36 

e. Is the rational number 77 equal to the rational number — ? 

60 60 

d. Explain why the rational number is not equal to the rational 



35, 






number 

1 & 
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2 . If two numbers are not equal , then one number is greater than 
the other. One way to decide which of two unequal numbers is 
greater is by using a number line. On a number line, the greater 
of two unequal numbers is always on the right. 

a. The unit segment of the number line on the following page is 
divided into 60 subsegments. Is this the smallest number of 

subsegments needed to assign both — and — to division 

points? 

b. Is to the right of j|? 

fi 7 

c. Is — greater than — ? Explain. 



3. If the first of two numbers is greater than the second, then the 
second number is less than the first. 

2 7 

Let’s compare the rational numbers - and — . 

a. Into how many congruent subsegments must the unit segment 

2 7 

be divided to assign both - and — to division points? 

b. Is the fraction - equivalent to the fraction ^? Is the fraction 

3 w 



7 21 

— equivalent to the fraction — ? 
10 30 



20 

c. Explain why the rational number — is less than the rational 



number 



21 

30' 



9 

d. Explain why the rational number - is less than the rational 

o 



number — . 



4 . Comparing two rational numbers is easy if the fractions for 
the numbers have the same denominator (also called the common 
denominator). 



43M' 
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a. How do the rational numbers icpresented by - and - compare 

b b 

if a is greater than c? (Assume a, 6, c are whole numbers 
and b is not zero.) 

b. How do the rational numbers compare if a is less than c? 
If a equals c? 



5. Suppose you want to find fractions with a common denominator 

3 9 

in order to compare the rational numbers - and Do you think 

5 3 

you can use 15 as a common denominator? Explain your answer. 

6 . Replace a, 6 , c, and d by whole numbers that make the resulting 
sentences true. 



a. - is equivalent to — — - which is — . 

5 5 X a 15 

b. - is equivalent to " — c , which is — . 

3 H 3 X c 15 

3 

c. Which number is greater, - or -? 

5 3 



7. a. What number would you use as a common denominator if 

5 4 

you wanted to compare the rational numbers — and -? 

5 4 

b. Which is the greater number, — or -? 




One way to compare two rational numbers is by locating the 
two numbers on a number line. If the numbers correspond to the 
same point they are equal. If the numbers correspond to different 
points, the number on the right is the greater. 

Another way to compare two rational numbers is by finding 
fractions with a common denominator for the two numbers. If the 
numerators of the fractions are equal, then the two rational numbers 
are equal. If the numerators are not equal, then the fraction with 
the greater numerator indicates the greater rational number. 
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1. The symbol > means “is greater than” and the symbol < 
means “is less than.” The first sentence below is read “Two- 
thirds is greater than one-third.” How should the second sentence 
be read? 




2 . In each exercise, locate the two given rational numbers on the 
number line below. Then complete the sentence using whichever 
symbol, >, <, or , makes the sentence true. 




f. 7 



6 

8 

7 

8 ’ 

5 

8 ' 



JL _L 




_LJ.il 


liilililiiililililil 


11 21 22. 2± 21 iS. 21 


24 24 


24 24 24 24 24 24 


24 24 24 


24 24 24 


24 24 24 


24 24 24 


24 


24 24 


24 24 24 24 24 


JL 


_l i_ 


X 


4 


X 


X 




X 


X ± 


B 


8 B 


B 


9 


B 


B 




B 


b a 


JL 


JL 


2_ 


X 


_4_ 




_L 




X 


6 


6 


6 


6 


6 




& 




6 


JL 


J_ 




X 




X 






X 


4 


4 




4 




4 






4 


JL 








X 








X 



In each exercise decide which symbol, >, <, or = , makes the 
sentence true. 

13 18 17 

5 5 ' *’ 11 11 * 

9 _ _9 .10 16 

12 12 * "• 4 4 * 



4 . In each exercise find fractions with a common denominator for 
the two given rational numbers. Then vse one of the symbols, 
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>, <, or =- , to write a true sentence about the two rational 
numbers. 

32 . 3 J5_ 163 . 5 _9 

a ' 10 ’ 3 7 ’ 14 e ' 9 ’ 2 6 ’ 11 

Have you discovered a shortcut for comparing two rational 
numbers? If not, then be on the lookout for a shortcut in the 
discussion that follows. 



Class Discussion 




4 2* 

1 . You can compare the rational numbers - and - by using fractions 

7 u 

with a common denominator. 

a. What is the product of the denominators of | and |? 

b. Can you use 21 as a common denominator? 

c. Are the fractions - and ^ equivalent? 

d. Are the fractions | and 77 equivalent? 

o 21 

2 . c. Use the diagram below to explain how the numerators of 

— and — can be obtained from ~ and 
21 21 7 o 



b. 



c. 




Is the product of the numerator of - and the denominator of 

- equal to the numerator of ^? Does 4X3 = 12? 

3 21 

4 

Is the product of the denominator of - and the numerator of 

- equal to the numerator of ^ 7 ? Does 7x2 = 14? 

3 21 
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' eason for your answer. 

..ercise 2 to compare the rational 



d. Is it true that — < — ? 

21 21 

e. Is it true that - < -? Give 

7 3 

3. Make a diagram like the one 

numbers \ and 
6 3 

a. Is 7 X 3 < 6 X 4? 

b. Is it true that - < -? 

6 3 

4 . Make a diagram like the one in exercise 2 to compare the rational 

numbers z and 

7 5 

a. Is 6 X 5 > 7 X 4? 

b. Is it true that - > -? 

7 5 

5 . Make a diagram like the one in exercise 2 to compare the rational 

Q 

numbers - and — . 

8 12 

a. Does 6 X 12 = 8 X 9? 

g Q 

b. Are the rational numbers -j and equal? 

8 12 

o 

6. Use the diagram below to decide whether | is less than, equal to, 



or greater than 



9 ’ 




Suppose 7 and 7 represent two rational numbers. 
0 a 



EKLCI 



:S48 
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If a X d == b X c } then 7 = 3. 

0 a 

If a X d < b X c, then 7 < 3. 

0 a 

If 0 X d > b X c, then 7 > 3/ 

0 a 

The above method of comparing two rational numbers is known 
as the cross-product method. The diagram below will help you 
remember it. 




1. Use the cross-product method to decide whether or not each 



sentence is true. 




*°is 

11 

«|S 

d 


17 
e * 51 


. 19 54 

b * 2 3 ‘ 


d — 
d ‘ 19 



2 

6 

121 

209’ 



2. Use the cross-product method to compare the two rational 
numbers in each exercise. Decide whether the first number is less 
than, greater than, or equal to the second number. 



2 3 

3 ’ 5 

b i 5 
b * 7 7 5 



c * 8 ’ 



d ^ l 

d ‘ 6 ’ 9 



11 
e ‘ 13 

f 5 

5 ? 



*• ‘•• is i < i ?i 8 i < i ?i 8 i < s ? 



b. Are - listed in order, from the least to the greatest? 

8’8 8 8 

4 . In each exercise arrange the numbers- In order, from the least 
to the greatest. 

3 7 0 2 8 

°* 5 ’ 3 ’ 5 ’ 5 ’ 5 




6149 
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.31734 
2 1 4 ’ 8 ’ 4 ’ 8 
14 11 19 

'* 13 ’ 8 ’ 15 



5. There are 25 students in Becky’s and Jim’s class. Becky says 

10 3 

that the girls make up — of the class. Jim says that - of the 

O 

students are girls. Use the cross-product method to determine 
if Becky and Jim are saying the same thin,;. 

6 . Joe and Bill built some steps in the school shop. Joe’s steps had 

5 2 

a -fo j rise. Bill's steps had a ~ foot rise. Which steps had the 
greater rise? 




Joe’s Steps 



7. Mary wanted to buy - 4 of a yard of material. The clerk told her 

4 

that there was | of a yard in stock. Was this enough material 
8 

for Mary? 




Adding Rational Numbers 



Joe and Bill started to paint a picket fence. Joe started at one 

end and Bill started at the other. After Joe had painted - of the 

5 

fence and Bill had painted \ of the fence. Joe wanted to know what 

5 

part of the fence was painted. 
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Class Discussion 




1 . To help you see how to find the sum of two rational numbers 
let us first look at how addition of whole numbers can be 
explained by using a number line. To get to the point that 
corresponds to 1 +2, begin at point 0 and make two moves to 
the right. 



0 12 3 4 

a. How many units long is the first move? How many units 
long is the second move? 

b. The two moves take you from point 0 to what point? 

c. What point on the number line corresponds to 1 +2? 

2 . In a similar wry it is possible to find a point that corresponds 

to \ + i units. 

5 5 



a. The first move shown above is - of a unit long. The second 

5 
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move is - of a unit long. The two moves take you from 

5 

point 0 to what point? 

b. What point corresponds to ~ + £? 

5 5 

c. Do you see that % + ^ = §? 

5 5 5 

013 3 , 

Since - + - = - is a true sentence, either - or the expression 

5 5 5 5 

2 1 2 1 

- + - can be thought of as the sum of - and However, when you 

5 5 5 5 

are asked to “find the suit of two rational numbers,” or to “add 
two rational numbers,” then you are to find a single fraction for 
the sum. 

2 5 7 

3. Does the diagram show that - + 5 = -? 

3 o 3 



1 



5 6 

4, Use a number line to find the sum of - and 

4 4 

a. Divide each unit segment into 4 congruent subsegments. 

5 6 

b. Show a move of - units followed by a move of — units. 

4 4 

5,6 o 
'• i + 4 = ? 

5, For each exercise make a number line and use it to complete 
the sentence. 

6 , 5 

°*3 + 3 = “ 

b.5+^ = _. 

.66 

1 j_ 4 

'• 2 + 2 = “ 

6, Collected below are all examples of addition of rational numbers 
considered thus far. 
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2 1 3 

5 5 r>' 


6 5 11 

3^3 3 


2 5 7 

3 + 3 3' 


0 5 5 

6 + 6 6 


4^ lOl 
+ 

II 

HE 


14 5 

2 + 2 “ 2 


a. In each example, explain how you could obtain the denomi- 
nator for the sum without using a number line. 

b. How could you obtain the numerator for the sum without 


using a number line? 




7. Suppose that - and - represent two rational numbers. Notice 

c. c. 


that the fractions have 


the same denominator. What does 


represent? 




8. Replace m, n, w, r, s, and t by rational numbers that make the 


resulting sentences true. 




6,0 

a. Tj + = m. 


. 7 , 160 

d- 100 + 100 “ r ’ 


. 1 . 1 

b * 4 + 4 = n - 


3 , 5 

*• 5 + 5 = S - 


5 , 16 

e * 50 + 50 w ‘ 


f JO ,9 L_ t 
200 T 200 


If you look back you will notice that the fractions for every pair 
of rational numbers you added thus far had the same denominator. 



When two fractions have the same denominator, we say they have 
a common denominator . 

9. Suppose you wish to find the sum of - and -. 

5 4 

a. Do the fractions for the numbers have a common denomi- 
nator? Can you find the sum by using the method suggested 
in exercise 7? Perhaps using a number line will work. 

b. You need to find a point in a number line that corresponds 

2 1 

to - + Can you find such a point if you divide each unit 
segment into 4 congruent subsegments? 
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If you divide each unit segment into 5 congruent sub- 
segments? 



0 \ 2 

20 congruent subsegments. Locate the points corresponding 
2 1 

to - and - on this number line. 

5 4 

"*’ T 

Does ~ equal -1? Does - equal Locate the point that 
5 20 4 M 20 

corresponds to ~ Do you think it is true that | + i = 

1 + 1 ? 

20 20 * 

d. Does ~ + - = ~? Explain. 

5 4 20 y 

1 9 

10 . If Joe drank - of a bottle of pop and Bill drank - of a bottle, 
5 4 

how much pop did the boys drink? 

a. Is 1 of a bottle the same as - of a bottle? 

20 5 

15 3 

b. Is — of a bottle the same as - of a bottle? 

20 4 

e. Do you think it is true that | | = ^ + ^? 

20 + 20 20 * 

e. What replacement for n makes the following sentence true? 
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11. When finding the sum of two rational numbers that have 
fractions with different denominators, what should you do 
first? Add the numerators, or replace the given fractions with 
equivalent fractions that have a common denominator? 



12 . 



Find the sum of i and i by using equivalent fractions that 
8 9 

have a common denominator. 



a. Can 72 be used as a common denominator? 

b. Can 144 be used as a common denominator? 

c. Can 216 be used as a common denominator? 




Finding the sum of two rational numbers is easy if the fractions 
for the numbers have a common denominator. Simply keep the 
denominator and add the numerators. If the fractions for the two 
rational numbers have different denominators, first find equ ; valent 
fractions with a common denominator. Then use the same method 
as before. 




1. Replace w, k, m, t f c, and x by rational numbers that make the 
sentences true. 




-•§ +*-«• 



3 , 18 

*• 47 + 47 =C - 
.2.3 
500 + 500 *' 



2. In each exercise find the simplest fraction fcr the sum. (Hint: 
First find two fractio, s that are equivalent to the given fractions 
and that have a common denominator.) 



1,1 
"■ 8 + 5 

b> 3 + 5 




7, 3_ 
80 ‘ r 50 

i9 + 7 






50 
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3. If Joe had painted ~ of the fence and Bill had painted i of it, 
how much of the fenc^ would the boys have painted? 

4. Could Joe have painted - of the fence if Bill had painted - of it? 

5 2 

How much of the fence would this be? 

5. After Joe had painted t of the fence and Bill had painted i of it, 
Bill took some time off. While Bill was gone, Joe painted another 
—j of the fence. Was the whole fence painted when Bill returned? 

, When the fence was finally painted, Bill and Joe rested. While 
resting, the boys decided to “brush up” on addition of rational 
numbers. 



Class Discussion 




n q 

1. Bill asked Joe to find the sum - + . 

5 10 

a. Can Joe use 50 as a common denominator? 

b. Is it true that ? + A - ~ + — ? 

5 10 50 50 

c. Is it true that % + — = ~? 

5 ' 10 50 

d. What is the simplest fraction for the rational number — ? 

50 

2 . Perhaps you can use another denominator to find the sum 




a. Replace a and b by whole numbers that make the folic wing 
sentences true. 

2 3^ b_ 

5 “ 20’ 10 ” 20* 

b. How do you know that - + — = — ? 

5 10 20 
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«. What is the simplest fraction for the rational number Ej? 

wU 

3. So far you have used two different common denominators to find 

2 3 90 1 5 

the sum of - and — . Yo” thought of the sum as — - + — and 
5 10 >0 50 

8 6 7 

as — + — . Did you get — as the simplest fraction for the sum 
20 20 J 6 10 

in each case? 

2 3 

4. Use 10 as a common denominator to find the sum of - and — . 

5 10 

Do you think 10 is the least number that can be used as a 
common denominator? 

The least number that is a common denominator of two fractions 
is called the least common denominator of the two fractions. When 
adding two rational numbers it is convenient • to use the least 
common denominator of the fractions that indicate the numbers. 

5. See if you can discover a method of finding the least common 
denominator of the fractions that indicate two rational numbers. 

2 3 

a. To add - and — , you used each of the numbers 50, 20, and 

5 10 

10 as a common denominator. Must any number that is a 

2 3 

common denominator of - and — have both 5 and 10 as 

5 10 

factors? 

b. If the list below were continued indefinitely would it include 
every non-zero whole number that has 5 as a factor? That 
has 10 as a factor? 

fi, 10, 15, 20, 25, 30 . . . 

c. Explain why the list below is the same as the list above. 
How would you continue this list? 

5 X 1, 5 X 2, 5 X 3, 5 X 4, 5 X 5, 5 X 6, .. . 

d. In the list above, what is the least number that has both 5 as 
a factor and 10 as a factor? Is this number the least common 

denominator of % and — ? 

5 10 



' 
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6 . Suppose you want to find fractions that are equivalent to — 

and -, respectively, and you want the fractions you find to 

8 

have the least common denominator. 



a. You know that any common denominator must have both 
12 as a factor and 8 as a factor. Does the first list below 
include every non-zero whole number that has 12 as a factor? 
Does the second list include every non-zero whole number 
that has 8 as a factor? 

12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132, 144, . . . 

8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96, 104, . . . 

b. Start at the left and copy every number that is in both lists. 
Stop when you get to 96. Does each number you copied 
have both 12 as a factor and 8 as a factor? 

c. What is the least non-zero whole number that has both 12 

as a factor and 8 as a factor? Using this number as the 
common denominator, find fractions that are equivalent 

7 5 7 5 

to — and respectively. Find the sum + -. 

12 8 12 S 



7. Now use 8 X 12, or 96, as the common denominator to find the 
7 5 

sum — + Do you get the same number that you got when 
12 8 

you used the least common denominator? Explain your answer. 




The least common denominator of two fractions is the least 
non-zero whole number that has the denominator of each fraction 
as a factor. 

Using the least common denominator often shortens the work of 
adding two rational numbers. In the last two exercises, you probably 

* 7 5 14 15 

found that it was easier to think °fj2'^g aS 24 + 24 ^ Ml aS 

56 , 60 
96 ^ 96 * 



O 



ERIC 

I 
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1. Find the sum of the two rational numbers in each exercise. 
First find equivalent fractions with the least common denomi- 
nator. 



5 


1 


i 


1 


24 


1 12 


C * 8 ’ 


6 


3 


2 


d ? 


4 


7 ’ 


14 


d ' 9 ’ 


3 



f. 



1 3 

7 * 5 

3 5_ 

4 ’ 15 



2 . In Class Discussion 5b you saw one way of finding the least 

7 5 

common denominator of — and Here is another way. 

12 8 

a. List all whole numbers that are factors of 12. 

b. Then list all whole numbers that are factors of 8. 

e. Study the two lists. Is 4 the greatest common factor of 12 
and 8? 

d. Write 12 and 8 as products of their greatest common factor 
and another whole number. Complete the sentences below. 

12 = X 3. 8 = X 2. 

e. Does 3x4x2 represent the least common denominator 

of and 
12 8 

f. Is 3 X 4 X 2 another way to write 24? 

g. If you write 3 X 4 X 2 as (3 X 4) X 2 you can see that 24 
has 12 as a factor. How would you write 3 X 4 X 2 to show 
that 24 has 8 as a factor? 

7 1 

3. To find the least common denominator of -- and follow the 

15 o 

steps below. 

a. List all whole numbers that are factors of 15. 

b. List all whole numbers that are factors of 6. 

c. Look at the two lists of factors. Pick out the greatest common 
factor of 15 and 6. 

d. Write 15 and 6 as products of their greatest common factor 
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and another whole number. Replace a and b by whole numbers 
that make the following sentences true. 

15 = 3 X a. 6-3 X b. 

e. In the expression below, replace a and b by the same whole 
numbers as above. 

a X 3 X b 

If the proper replacements are made for a and 6, the resulting 
expression represents the least common denominator of 
7 j 1 

is 51 ”*? 

4 . Use the method suggested in exercise 3 to find the least common 

denominator of - and — . 

8 10 

5 . In each exercise find the simplest fraction for the sum. 



8 9_ 

8 + 10 



b.£ + I 

10 ^ 2 



0 . 10 
'•5 + V 



±+ 7 ~ 
15 20 



6 . Find the distance represented by x and the distance represented 
by y. Are the two distances equal? 




7 . On the way to school each day, Joe stops at Bill’s house. From 
Bill’s house, the two boys walk the rest of the way together. 



3 1 

Joe lives - of a mile from Bill. Bill lives - mile from school. 
8 2 




House House 



60 1 ^ 
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a. How far does Joe walk on the way to school? Find the sum 

*+l 

S 2 

b. On the way home from school, Joe and Bill walk together as 
far as Bill's house. Then Joe walks the rest of the way home 
alone. Without doing any arithmetic, can you tell how far 

Joe walks on the way home? Find the sum ~ 

e. Does - + - = - + -? 

8 2 2 8 

d. Do you think the order in which two rational numbers are 
added affects the answer? 

8, Jane and Betty needed some light green paint to decorate scenery 
for a school play. The teacher said they could get the right 

shade by mixing i jar of white paint, i jar of blue, and - jar 
6 2 3 

of yellow. The girls decided to mix two batches. 




Jar of Blue *5 Jar of Yellow 



a. Jane mixed the first batch. She poured ^ jar of white paint 
into an empty jar. With this she mixed ~ jar of blue. Finally 
she added 1 jar of yellow paint. Does the expression below 

o 

indicate how Jane combined different amounts? Does this 
expression represent the total amount of paint Jane mixed? 
How much paint did Jane mix? 

(I + i ) + 1 



610 



56 
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b. Betty mixed the second batch. First she poured - jar of 
white into an empty jar and set it aside. Next she poured - 
jar of blue into an empty jar and stirred in - jar of yellow. 

o 

Finally, Betty added the blue and yellow mixture to the 
white paint she had set aside. Look at the expression below. 
Do 3 S it indicate how Betty combined different amounts? 
Does this expression represent the total amount of paint 
Betty mixed? How much paint did Betty mix? 




c. Did Betty mix the same amount of paint as Jane? Is the 
following sentence true? 

d. When you add three rational numbers, does the way that 
you group them affect the result? 



Class Discussion 




The recipe that Jane used to make 
fudge for her friend Bill is shown at the 
right. By now, all numbers used in the 
recipe should be familiar to you, except 

perhaps 2- (read “two and one-third”), 

3 

What kind of number is represented by 

2^? Do you think it is a rational number? 

3 

The exercises that follow will help you 
decide. 

* To obtain directions for combining ingredients, see The Good Housekeeping 
Cook Book (New York: Farrar & Rinehart, 1944), p. 812. This recipe is not endorsed 
by the National Council of Teachers of Mathematics, but it can be used to make good 
fudge. 



Divinity Fudge* 
c. gronuloted sugor 

c. white cprn syrup 

c. woter ^ tip. salt 
egg whites 
c. chopped nuts 
tip. vonillo 



RATIONAL NUMBERS 



57 



o 

ERIC 



1, a« Look at the number line below. What number corresponds to 
point A? 



o 



T 






7 

b. If your answer to the last question is you are correct. 

3 

7 

e. Think of - as the number obtained when two rational numbers 
3 

are added. Show that the following sentence is true. 
2,17 
1 + 3 3* 

d. Use the number line in exercise la to explain why the following 
sentence is true. 

- + - = 2 + -• 

1^3 ^3 

e. Why is it true that 2 + ^ 

u u 

f. For convenience in writing 2 + i is often shortened to 2^. 

3 3 

1 7 

This means that 2- = - is a true sentence. Does this tell 

o o 

you that 2^ represents a rational number? Explain your 
3 

answer. 

2 . From exercise If you know that 3- is a short way of writing 

4 

3 +K 

4 

13 1 

o. Is it true that 3 + - = - + -? Explain your answer. 

4 14 

b. Show that ~ \ . 

14 4 

c. Is it true that 3- = 

4 4 



3 

T 



sm 
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3 . Use the scheme suggested by exercise 2 to complete the sentence 
below. 

1 _ ? 

2 (j “ 6 * 

4. Let us concentrate for a moment on the symbols that are used 
to represent numbers. A symbol like “4” is referred to as a 

9 

whole number numeral and a symbol like “j is referred to as a 

9 

fraction numeral. Because of these facts, a symbol like 4 < 4- M 

is referred to as a mixed numeral . Do you see that there are 
three kinds of numerals, all of which may represent rational num- 
bers? When a rational number can be represented either by a 
fraction numeral or by a mixed numeral, we will tell you if you 
are to use i mixed numeral. 



5 * Jane needed - of a yard of fabric to make curtains for a window. 
3 

Find a mixed numeral for -. Use the number line below. Notice 

3 

S 

that point - is between point 2 and point 3. 

3 



i i ! 



± a & l 



! * 



8 

a. What is the greatest whole number that is less than -? 

o 

b. Is it true that | = | + ^? 

e. Is it true that 5 + \ = 2 + |? Explain your answer. 

3 3 o 



6 . 



d. Give a mixed numeral for 

o 

Use the number line above to help you find a mixed numeral 




5 

a. What is the greatest whole number that is less than -? 

o 



64 ? 



U 
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b. What replacement for x makes the following sentence true? 

5 x 2 
3 3*3 

c. What whole number is equal to ~? 

5 

d. What is a mixed numeral for -? 

7 . Use the number line below to help you find a mixed numeral 
for each of the following: 



2 



9 

2 



3 

C * 2 



d. 



27 

8. Find a mixed numeral for without using a number line. 

6 

6 12 IS 

a. What whole number is equal to — ; — ; — ? 

6 6 6 

b. What whole number is equal to — ; — ? 

6 6 

c. Is it true that ~ < — ? Is it true that — < — ? 

6 6 6 6 

27 . 

d. -- is between what two whole numbers? 

6 

e. What replacement for x makes the following sentence true? 

27 x 3 

6 6 "o 

• 27 

f. Write a mixed numeral for — . 



Numbers represented by mixed numerals are rational numbers. 
If a rational number is represented by a mixed numeral, it is always 
possible to find a fraction for the number. 
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3 3 
Example: 2- car be rewritten as 2 + 

4 4 



2 +i- 



-+ s 

I ^ 4 

4^4 

II 
4 ’ 



Therefore, 2- 
4 



n 

4* 



Suppose a fraction for a rational number has a numerator that 
is equal to or greater than the denominator. Then the rational 
number either equals a whole number or is between two whole 
numbers. 



Example : 



| ® 1, and y = 2. 

7 . 

7 is between 1 and 2. 
5 



A rational number that is greater than 1 and is between two 
whole numbers can be represented by a mixed numeral. 



Example : 



7 5 2 

5 5 5 

7 2 

i 4-1 

5 ’ ^ 5 



2 2 7 2 

l + - can be rewritten as 1-. Therefore, - = 1-. 
5 5 5 5 




1 . Express each number using a mixed numeral. 

8 . 23 14 . 50 31 

o. 7 »• 9 e * 3 d * 21 e * 10 

2 . Replace r, s, t, v, w, x, y, z by whole numbers that make the 
sentences true. 
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a. 5 - = - 

3 y 



7 i = - 
8 z' 



al.E. 

2 s 



d. d-‘- 

7 i* 



3. Suppose you want to find the sum of 2- and 1-. 

6 3 

a. Explain why 2- + 1- = — + 

6 3 6 3 

b. Find the simplest fraction for the sum --- + 

6 3 

c. Write your answer to the last exercise, using a mixed numeral. 

4. Perhaps you cm think of another way tc add 2- and 1-. 

6 3 

a. Explain why 2± + l| - (2 + l) + (l + l). 

b. Do you think it is true that 

( 2 + !) + ( 1 + s)-< 2+1 > + (5 + i) ! 

Explain your answer. 

c. Do you think it is true that 

<2 + l> + (i + j)-3+|? 

Explain your answer. 

O 

d. Write a mixed numeral for 3 + -. 

6 

2 i 

5. a. Add 2- and 3- using the method suggested by exercise 4. 

3 4 

b. Do you get the same answer if you use the method of 
exercise 3? 

6 . Think of the sum 3- + 4? as (3 +4) + (- + -V 

2 3 \2 3 / 

a. Show that (3+4) + ^ ^ = 7 + 

b. Do you think it is true that 7 + - = 7 + 1-? 

6 6 

c. Do you think 7 + 1~ = 8^? Explain your answer. 

6 6 



